ABSTRACT. Let R be the hh-curvature associated with the Chern connection or the Cartan connection. Adopting the pulled-back tangent bundle approach to the Finslerian Geometry, an intrinsic characterization of R-Einstein metrics is given. Finslerian metrics which are locally conformally R-Einstein are classified. In the present paper, we study and characterize Finslerian metrics which are locally conformal to R-Einstein metrics. Unfortunately, the specificity of the Finslerian metric and his associated fundamental tensor do not allow us to use the same technics and tools as in the Riemannian case to obtain general classifications of (locally or globally) conformally Finslerian R-Einstein metrics. Hence, we exploit the pulled-back bundle approach used in [5, 8] and introduce a globally theory on conformal Finslerian R-Einstein geometry. Let M be an n-dimensional C ∞ connected manifold andT M := T M \{0} its slit tangent bundle. The submersion π :T M −→ M pulls back the tangent bundle T M to a vector bundle π * T M overT M . Given a Finslerian metric F on M and g its fundamental tensor, we have introduced in [12] , the following tensor. The trace-free horizontal Ricci tensor of a Finslerian manifold (M, F ) is the application 
INTRODUCTION
Finslerian metrics are of considerable interest due to their rich structure including Riemann, Randers, Minkowski and Berwald type metrics. Some areas in which they have significant impacts are Differential Geometry, Einstein's theory of General Relativity and Biology [1, 2] . A natural and important problem is the classification of metrics conformally Einstein. In 1923, Brinkmann obtained in [4] the necessary and sufficient conditions for an n-dimensional Riemannian manifold to be conformally Einstein. Later, Szekeres [18] in 1963, Kozameh-Newmann-Tod [6] in 1985, Listing [7] in 2001, Gover-Nurowski [15] in 2005, as well as Kühnel-Rademacher [16] in 2016 studied this problem from a different point of view, both for (pseudo-)Riemannian metrics. This motivates us to study the above problem for a general Finslerian metric.
In the present paper, we study and characterize Finslerian metrics which are locally conformal to R-Einstein metrics. Unfortunately, the specificity of the Finslerian metric and his associated fundamental tensor do not allow us to use the same technics and tools as in the Riemannian case to obtain general classifications of (locally or globally) conformally Finslerian R-Einstein metrics. Hence, we exploit the pulled-back bundle approach used in [5, 8] and introduce a globally theory on conformal Finslerian R-Einstein geometry. Let M be an n-dimensional C ∞ connected manifold andT M := T M \{0} its slit tangent bundle. The submersion π :T M −→ M pulls back the tangent bundle T M to a vector bundle π * T M overT M . Given a Finslerian metric F on M and g its fundamental tensor, we have introduced in [12] , the following tensor. The trace-free horizontal Ricci tensor of a Finslerian manifold (M, F ) is the application the tensor E H F , it vanishes when F is an R-Einstein metric. Furthermore, it is insensitive to whether we use the Chern connection or the Cartan connection. Our main results in this work are given by the following. Proposition 1. Let F be a Finslerian metric on an n-dimensional manifold. F is locally conformal to an R-Einstein metric F , with F = e u F , if and only if the conformal factor u is a solution of the equation E F (∂ i ,∂ j ) − (n − 2) (∇ j ∇ i u − ∇ i u∇ j u)
To determine the solution(s) of the equation (1.1), we consider it as a system of partial differential equations in the conformal factor u and curvatures associated with F on a neighborhood of the given manifold. The explicit solution u can tell us how F is constructed. Hence, we prove the following.
Theorem 1. A Finslerian metric F on a 2-dimensional manifold is locally conformally R-Einstein if and only if one of the following two cases holds: (i) the conformal factor is constant and F is R-Einstein. (ii) F is a Riemannian metric.
Note that, the warped product of two R-Einstein metrics with different horizontal scalar curvatures is not R-Einstein. It is studied in [3] the special case where the conformal factor only depends on the base of a warped product Riemannian manifold. Thus we have the
for every t ∈ R and x ∈  M . Then F is locally horizontally conformal to an Einstein metric F , with F = e u F , if and only if the conformal factor e u and  F satisfy one of the following cases:
(i) e u(t,x) = αt + β for some real constants α, β and  F is horizontally Ricci-flat. In particular, if α = 0 then β must be positive and hence u is constant. The rest of this paper is organised as follows. In Section 2, we give some basic notions on Finslerian manifolds. The Section 3 is devoted to study of Finslerian R-Einstein metrics. In the Section 4 we derive Finslerian locally conformal R-Einstein equation. The Theorem 1 is proved in Section 5. An intrinsic theory on Finslerian warped product metrics is developped in Section 6 and the Theorem 2. Finally the Theorem 3 is proved in Section 7.
PRELIMINARIES
Throughout this paper, all manifolds are assumed to be connected and, all manifolds and mappings are supposed to be differentiable of classe C ∞ . However, our results presented hold under the differentiability of class C 4 . Let M be an n−dimensional manifold. We denote by T x M the tangent space at x ∈ M and by T M := x∈M T x M the tangent bundle of M . SetT M = T M \{0} and π : T M −→ M : π(x, y) −→ x the natural projection. Let (x 1 , ..., x n ) be a local coordinate on an open subset U of M and (x 1 , ..., x n , y 1 , ..., y n ) be the local coordinate on π −1 (U ) ⊂ T M . The local coordinate system (x i ) i=1,...,n produces the coordinate bases { ∂ ∂x i } i=1,...,n and {dx i } i=1,...,n respectively, for T M and cotangent bundle T * M . We use Einstein summation convention: repeated upper and lower indices will automatically be summed unless otherwise will be noted.
(1) F is C ∞ on the entire slit tangent bundleT M , (2) F is positively 1-homogeneous on the fibers of T M , that is ∀c > 0, F (x, cy) = cF (x, y), (3) the Hessian matrix (g ij (x, y)) 1≤i,j≤n with elements
is positive definite at every point (x, y) ofT M . Remark 1. F (x, y) = 0 for all x ∈ M and for every y ∈ T x M \{0}.
Consider the differential map π * of the submersion π :T M −→ M . The vertical subspace of TT M is defined by V := ker(π * ) and is locally spanned by the set {F
An horizontal subspace H of TT M is by definition any complementary to V. The bundles H and V give a smooth splitting
An Ehresmann connection is a selection of a horizontal subspace H of TT M . As explain in [5, 9, 14] , H can be canonically defined from the geodesics equation. where θ : TT M −→ π * T M is the bundle morphism defined by
for each point (x, y) ∈T M ; where x = π(x, y).
The vertical lift of a section ξ of π * T M is a unique section v(ξ) of TT M such that for every (x, y) ∈T M ,
We have the following.
Remark 2. In a local chart,
where {∂ kr := ∂ ∂x kr } r=1,...,q and {ε js } s=1,...,p 2 are respectively the basis sections for π * T M and T * T M dual of TT M .
Examples 1.
(
The fundamental tensor g is of type (2, 0; 0).
The following lemma defines the Chern connection on π * T M .
Lemma 1.
[5] Let (M, F ) be a Finslerian manifold and g its fundamental tensor. There exists a unique linear connection ∇ on the vector bundle π * T M such that, for all X, Y ∈ χ(T M ) and for every ξ, η ∈ Γ(π * T M ), one has the following properties:
where
The generalized Cartan connection on π * T M is given as follows. 
where A is the Cartan tensor and 
FINSLERIAN R-EINSTEIN
By the relation (2.2), we have
Using the metric F , one can define the full curvature of ∇ as:
are respectively the first (horizontal) curvature, mixed curvature and vertical curvature. In particular, if ∇ is the Chern connection, the Q-curvature vanishes. Proof. If X, Y ∈ H then X =X =X k δ δx k and Y =Ŷ =Ŷ r δ δx r . By the relation (2.4), we get
Using the relation (3.1) together with the Lemma 1 and the Lemma 2, we get c ∇ = ∇ for horizontal vectors fields onT M . Thus, the curvatures of c ∇ and ∇ are equal. of (M, F ) are respectively defined by 
Ric
H F (l, h(l)) (3.2) = g ij R(l, ∂ i , h(l),∂ j ) = g ij l l R(∂ l , ∂ i , ,∂ k ,∂ j )l k = Ric = l i l j Ric ij .
It is known [2], F is Einstein if there exists a C
Proof. By the (3.4) and the Remark 3, we have
Hence we obtain the Lemma 3.
3.3. R-Einstein metric.
Definition 6. Let T be a (p 1 , p 2 ; 0)-tensor on (M, F ) and X ∈ TT M . The covariant derivative of T in the direction of X is given by the following formula:
We obtain the Finslerian horizantal Bianchi identity given in the following.
Proof. The Lemma 4 is obtained from the symmetry of ∇ and the Jacobi identity and by the Definition 6 applied to the first curvature R. Now, we introduce the following. Proof. If F is horizontally an Einstein metric then the relation (3.5) holds.
Applying the horizontal covariant derivative on each side of the relation (3.5), we obtain
Multiplying this last equation by g ik we get
By contracting twice on equation (4) written in a local coordinate, we have
When n > 2, the equations (3.6) and (3.7) together with the Lemma 3 imply
Hence, Scal H F must be constant.
FINSLERIAN LOCALLY CONFORMAL R-EINSTEIN EQUATION
Definition 8. A Finslerian metric F on a manifold M is locally conformally R-Einstein if each point x ∈ M has a neighborhood U on which there exists a C ∞ -function u such that the conformal deformation F of F , with F = e u F , is an R-Einstein metric on U . 
for every ξ ∈ Γ(π * T M ) and X ∈ χ(T M ) with Θ ij = Θ(∂ i ,∂ j ) and B is the application which maps π * T M to π * T M defined by
with
Using the relation (4.3), we have B(
Thus, from (4.6), we have
Hence, putting the expressions of I 1 , I 2 , I 3 , I 4 , I 5 and I 6 in the right-hand side of (4.5) we obtain the equation 1.1. Proof. This follows from the Lemma 1 and the skewsymmetry the curvature R.
5.2.
For n = 2: Proof of the Theorem 2.
Proof. When n = 2, the equation (1.1) reduces to
Since F is a Finslerian metric, F (x, y) = 0 for every (x, y) ∈T M and since g is positivedefinite the g kl functions do not vanish for any k, l ∈ {1, .., 2}. Hence, the only solution of the equation ( (ii) If A ≡ 0, by Deicke's theorem, F is Riemannian. Hence, the result follows by the fact that any Riemannian metric on a 2-dimensional manifold is Einstein (see [2] ). Conversely, if the conformal deformation is homothetic and F is horizontally locally Einstein then the relation (5.1) is satisfied. Thus, if A vanishes it is known that F is Riemannian and, when n = 2, every Riemannian metric in conformally Einstein. [10] the conformal deformations of F are of the form F = cF for all c > 0. Since, the Rcurvature on R 2 vanishes, the tensor E H F vanishes. Then F is globally (and automatically locally) conformally R-Einstein. 
Examples 2. For a Finsler-Minkowskian metric on R 2 , F (x, y) = F (y). It is known

LOCALLY CONFORMALLY R-EINSTEIN
The warped product manifold of two Finslerian manifolds is defined as follows. 
such that for any vector tangent y ∈ T x M , with x = (x 1 , x 2 ) ∈ M and y = (y 1 , y 2 ), Remark 7. Let F be a Finsler metric on a warped product manifold
(1) F is not C ∞ on the tangent vectors of the form (y 1 , 0) nor (0, y 2 ) at a point
(2)  M is called the base manifold while  M is the fiber manifold and f is called the warping function.
The function F defined in (6.1) and (6.2) is a Finslerian manifold. More precisely,
(ii) F is homogeneous of degree 1 in y = (y 1 , y 2 ) ∈ T x M . Namely, for any c > 0,
(iii) If n 1 and n 2 are respectively the dimensions of ( 
. So the fundamental tensor g of F is positive definite at every point ( The Ehresmann-Finslerian product connection H is given by the product form θ of θ 1 and θ 2 , that is
Now, let 
Proof. (i) From the relation of g-almost compatibility of ∇, we obtain
and the relation in (ii) follows.
As a direct consequence, we have
Proof. The proof follows from the Proposition 3. 
since u = u(t) and y q = t is a coordinate on R. It follows that
Case 2: if i = 1 and j ∈ {2, 3, ..., n} or j = 1 and i ∈ {2, 3, ..., n} that is t = y i or t = y j , by the Proposition 1 and by the fact that u = u(t), each term in the left-hand side of the equation (1.1) vanishes.
Case 3: if i, j ∈ {2, 3, ..., n} that is t = y i and t = y j , the equation (1.1) becomes
is locally an Einstein metric if and only if
From the system (6.11), 
where s * := s (n−1)(n−2) . We set e u = ϕ −1 . Then
The equation (6.12) becomes
We distinguish three cases: (i) s * = 0. The general solution ϕ of the equation (6.13) is
Thus, the conformal factor satisfies e u(t) = ϕ −1 (t) = αt+β. In particular, if α = 0 then β must be positive since e u is the conformal factor. (ii) s * > 0. The general solution ϕ of the equation (6.13) is
(iii) s * < 0. The general solution ϕ of the equation (6.13) is ϕ(t) = c 5 cos √ −s * t + c 6 sin √ −s * t . Setting c 5 = µcosθ and c 6 = −µsinθ the last relation can be expressed as ϕ(t) = µ cos √ −s * t + θ .
Conversely, if one of the cases (i), (ii) and (iii) is holds then e u F is R-Einstein. 
Then the Finslerian metric
is locally conformal to the R-Einstein metric F = cosh −1 tF for t ∈ (1, ∞).
NON-PRODUCT METRICS LOCALLY CONFORMALLY R-EINSTEIN
We give the following.
Definition 10. Let (M, F ) be a Finslerian manifold of dimension n ≥ 3.
(1) The horizontal Schouten tensor of (M, F ) is the (1, 1; 0)-tensor given by
2) The horizontal Weyl tensor of (M, F ) is the (2, 2; 0)-tensor defined by
Its components in a local coordinate are defined as follows,
for every ξ ∈ Γ(π * T M ) and X, Y ∈ χ(T M ). In a local chart,
In dimension greater than 3, we introduce the following tensor.
Definition 11. The horizontal Bach tensor of a Finslerian manifold
We have the following properties. 
horizontally an Einstein metric then its horizontal Cotton-York tensor vanishes
C F (∂ i ,∂ j ,∂ k ) = 0..
Proof.
(1) Contracting the Finslerin second Bianchi identity given in Lemma 4 we get
Using this relation we have
Hence, formula (3.5) implies relation (7.7).
Lemma 8. Let F be a Finslerian metric on a manifold of dimension n ≥ 3. If F is a conformal deformation of F , with F = e u F , then (1) the horizontal Schouten tensor behaves as follows:
3) the horizontal Cotton-York tensor behaves as follows:
Proof. The assertion (1) in Lemma 8 is obtained by using the relation (7.1) and the lemmas 5 and 6 in [13] .
To obtain the relation (7.8) in Lemma 8, we consider a (1, 1, 0)-tensor T H F on (M, F ). Then for every vector fields X, Y onT M and for any section ξ of the vector bundle π * T M , we obtain
where ∇ X is the covariant derivative with respect to F in a given direction X. We have
Setting ξ = ∂ i , X =∂ j and Y =∂ k , we obtain the relation.
From the these two properties, we obtain the assertion (3) in the Lemma 8.
7.1. Proof of the Theorem 3 in dimension n = 3. Let F and F be two conformal Finslerian metric, with F = e u F , on a manifold of dimension n ≥ 3. Then
If F is R-Einstein then by the Lemma 7
When n = 3, the tensor W H F vanishes and hence the equation (7.10) reduces to
The solution of this equation is u = constant and C F (∂ i ,∂ j ,∂ k ).
Conversely, if u = constant and C H F ≡ 0 then e u F is R-Einstein metric.
7.2.
Proof of the Theorem 3 in dimension n = 4. From the Lemma 7, if F is R-Einstein metric then C F vanishes. Then the equation (7.10) holds. Applying ∇ k to this equation, using the Definition 10 and the equation (7.10) again, we get
Since F is locally an R-Einstein metric, the equation (1.1) is equivalent to Raising both indices and applying W F (∂ l , ∂ i ,∂ j ,∂ k ) to this equation, using the relation (7.7) in Lemma 8 and the equation (7.12) we obtain 0 = B F (∂ i ,∂ j ) + (n − 4)W F (▽u, ∂ i ,∂ j , ▽u)
Therefore, in dimension n = 4, we have B F (∂ i ,∂ j )+ ∇ k u− ∇ k Ψ 
